[SQUARING
THE CIRCLE

AND OTHE R
IMPOSSIRILITIES

Robin Wilson
The Open University

Corcles o square,
ond Cubes o d.ou.bh.
Would give & Man
excesswe Trouble .
Matthes Prior (1718)




The Three Classical Problems

s e

1. Doubling the Cube

Given o cube, constnuct
onother with twice the volume,

2. Trisecting the Angle

Given anay o.us(.c, construct
two Lines thet duwvide it Gto
three equal ports.

Guwen o circle, construct @D
0 Square wikh the Samearea.,
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Three Periods

B

Eou'Lg : Tholes 600 BRC
Pythagoras 520 BC

RAthens : Plato 387 BC
Aristotle 350 BC
Eudoxus 370 BC
Rlexoandria: Ewclid 300 B¢

(Avchimedes) 250 BcC
Apollonius 220 BcC
Ptolemy ISO AD
Diophontus 250AD?
Poppus 320 AD
Hypatia 4LOO AD
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Tholes of Miletus

Ty

(c¢. 624~547 BC)

The famous Thales is said to have been the first to
demonstrate that the circle is bisected by the diameter.

If you wish to demonstrate this mathematically,

imagine the diameter drawn and one part of the circle I
fitted upon the other.
If it is not equal to the other, it will fall either inside or

outside it, and in either case it will follow that a shorter

| lineis equalto alonger. For all the lines from the
centre to the circumference are equal, and hence the

line that extends beyond will be equal to the line that

Jalls short, which is impossible.




METON

These are my special rods
for measuring the air.
You see, the air is shaped
— how shall | put it? —
like a sort of extinguisher;
so all | have to do is to attach this flexible rod
at the upper extremity, take the compasses,

insert the point here, and —

'you see what | mean?

PEISTHETAERUS
No.

METON
Well, | now apply the straight rod — so

— thus §guaring the circle;

and there you are . ..

PEISTHETAERUS

Brilliant — the man’s a Thales.




Lines and Ccrcles

P T ey

Euclid’s postulates -3 :

. Drow o straight-line Seqmenk
betwesn. oy two pounts.

2. Extend o straight-Lie seqment .

3. Draw o cirele with quwen.

centre and radins.



Euclid Book T, Prop. I

Tt e TP Ve (i,

On o qiven s'traisld: Line

to construct an equilatennl ¢

Le:\: AB be the Line.
With centre R and '
distoance AR, draw the

cirele BCD, [Post.3]

Wth centre B and distonce BA,
drow the circle ACE. [Post. 3]

Joun AC and RC. [Post. 1]
Then the triangle ARBC is equalateral.
Proo$




BLsec:l:ms o Line se 3men:';

e R T ¢ e ey

Let AB be Hae h‘u.c.usnmt.

Drosw:
the curele contre R radins AR

Hhe cirele cantre B, vadiu BA .

These cureles Outersect at C and D.
Drow the Line C‘D ond leb (& meed




Tri.scctb\s o Luw. Sesmu\:l:

Let AR be the Line uauo\‘k.
Dreorw L Une AC (Cnot on AB)

Extend it, and meth off ACzcdD:zDE
- Cusing Hhe compasges)

Drew EB, and thei, porallel 4o &, CF, DG,
whae £,6 Lic on AB.

Thar AR 2 FC =GR,




Douwb Lm.s o Square

Ploto's ‘Mens’
Socrotes and the slove bot

e [N] o
stze of the t Ll 3 )by
sSq uore &n 3x32Qx
Tmhﬂusq’monﬁtdfasoml...
QVa)y«x(23)s 8 v




Meon proportionals

A meon proportional of o and b s
o number x such that

a:xzx:b, so = Jab

Easlihy 2 B8Pz JIABNE O

xX=5
£ 8 .

So: o mean proportional of land2
is V3 .
Funding the mean proportional of

& and b comesponds to ‘Squanng’
the rectoangle width sides a ond b.

ag—’gm




In his work entitled Platonicus,

Eratosthenes says that, when the god
announced to the Delians by oracle that
to get rid of a plague they must construct

an altar double of the existing one, |
their craftsmen fell into great perplexity
in trying to find how a solid
could be made double of another solid,

and they went to ask Plato about it.

He told them that the god had given
this oracle, not because he wanted an altar
of double the size, but because he wishéd,

in setting this task before them,
to reproach the Greeks for their neglect
of mathematics and their contempt

for geometry.



The story goes that one of the ancient

tragic poets represented Minos
having a tomb built for Glaucus,
and that when Minos found that the tomb
measured a hundred feet on every side,
he said:
‘Too small is the tomb you have marked out
as the royal resting place. '
Let it be twice as large.
Without spoiling the form quickly double
each side of the tomb.’
This was clearly a mistake.

For if the sides are doubled, the surface is
multiplied fourfold and the volume eightfold.
Now geometers, too, sought a way to double

the given solid without altering its form.
This problem came to be known as

the duelication of the cube,

for, given a cube, they sought to doubile it.




Two mean proportionals

Eutocins: Hippoerates of Chios Sound
that to double o cube, we must Find
twe mean propertionals between gquven
straiqht Lies™ one double the other:

So: given ac and b, $ind x ond y so that

O:xX = x:y s g:b, weth bz 20

Now
= 41:2
so —- :3“!”-5- !:2!
O & % M o '
gving x? = 24l

This cormresponds to tdu»a a cube with
Sude oo and cloubl.ms ks volume .,



Conte Sections

Menaechmus (44 Centuny BC)
Apolloniws (‘Conice’: 250 8¢)




Meon proportionals and. conics

Menoechmus :

£ o =Xy zy:h, then:

, S0 oy :=x" (parabola)

, 50 Yz bx (parabola)

el Kls ¢|X




Bisecking an angle

Let the orgle. be PRQ.
Drows o circle with contre A, any raddus.
This crosses PP ond RQ ot Beand C.

Drow eireles, contres B and C, with the
Some Yadurs, These meet ok D.

The Line seqment AD bisects PAQ.

Ly

Euclid : ofter ;w'&hns Band C,
join them, and drasw the purpendiculor
bisechter of BC.




& Gt arjd aegle, Bt 16 e i il D eyt prits

L Pows be ekt angle ABC, Tis reguired % Lizsed iT

Joodicc ABH D and mate BD &Vaféjs,mdww&&' Wféﬂa;wl/y s
CB% B ancl ke EB epucl To BE anl forin AR, ED,DC A . Becrirse AB b et £70,
ard BE is commen e Yoo Lica oy los ABE DBE, ant 125 crple ABE irGpunl s
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Tri.secl'.u'.ns on &3&

=
Use o quadrateix

(= €risectrix):

twe movu‘u& Lwg =~

AB swups Pusd a




"_|_'9_ construct 0. Squore

Stent with o line segment AB.
Construct AC ond BE pupmdicular b AB,

Witk compasses ak A, mark Xon AC equal
te AB,
Constrct XZ pupendienlar to AC,

Let X2 m‘b BE at Y: ABYXise sqpae, ‘

Buclid
p P 'Y 3

Euclid also shows how to eomshrich

o requiar puntagon, hexagon and IS-gon.
(Book I¥)







I R S B R R




Fermot Prume Numbers

Fe_.rw\x\:‘. Foz 2% 41 is prume (?)

Foz 24123, F ,=z2%1:=5,
F.=2%+1217, F,z2%+1 =287,
Fos 2°+1= 65,537

Fs = £.29L4,967,297 ? 2%+ 1)

Euler : Fg is divisible by 6l )

Proof : 6bU4) = 5%+2% = (5%27)+1.
So 2%+ 1 = 2*(5%+24)-(5.27)"+ |
= 2*%. 64t — (641-1)" + |
= 64) x K, so bl |2+,




Const ruc.‘hb\s Polyqons

Goumss: P reqular polygon with
n sides con be construcked with
Stroighk-edge and. compasses
F and only if n has the form

LA 7-““P'”Pt"'"- @
R distinet ‘Fermat
| primes’
3, &, S, 6,8,10, 12, IS, 15,
\17, 20, 24, 30, 32,34, 40, 48,
51, 60, 61,68, 80, 85, 96,

102, .-+ ,287,---, 65537, -..




i%uo»rins 'E\“mai
Buclid:
T, bl Given o triangle, we can construct
o poraliclogrom of equal orea..
I, 45 Given any polyqon, uecan
construct o pomllelogras of equal ares..

IL, ' Given ony polyqen we can constnuck
o Squore of equel ovea..
We can square any polﬂgo'\v!

Hippocrates qave o N
consbtruction for

sVsoriv\s‘ Lunes?

Archimedes : the area
of o porabolic seqment

= #/3 x (ores of enclosed A)
5 quodrebure of the parabola



Pn Egyptian Geometny Problem

Problem 48, Compare the arcasof o

circle and its circumscibing squore,

CPicsed




A Problem in Geomekny (c.16508¢C)

L Y e e g T

Problem 48, Compare the areosof o

cirele and ks cmumscnbms squore .

T\M. curele of diametwrd  The square of side 9

| 8 setat S 9 setat
2 16 setakt 2 18 sctak
% 32 sctok 4 36 setot
2 64 sekot ~ 8 T2 scetak
81 setot
(4- &)
q




L=3-139
Lz 3146

3
£
o




The Value of 77

perimeter of unscribed 6-gom
< Curcumberence of cucle
< perumdinr of exscribed 6-qon

)

double the number of Sides:
6,12,2¢, 48, 96.
P rchimedes obbained the estumates:
10 f
3':,-‘ £ T7 < 3‘:,'-

31,086 3.146286







Constructible numbers

s it i

“unkegers, $rockions, Squore rocs

wz =1ed —f30-2d3 ...

Iy



& three Clagsccal Problems

Doubling the cube :
x®=z 2, sox=yY2 - umpossible
Triseching the angle :

Cos 30 = Lecos?®~3¢cos O

Take x z cos 20° (cos 60° = 1/2)

Va = bx’~3x, o Bx’=bx~-120
Tf thic Sactonzes into o Linear omd o quadsic
tha Linear Soctev is:

| none werks
Bx2), bxt),Ixnz), Xt § o upossible

Sqmaning the cirele :
Ts 7 constructible ?

F. Lindemonn (1882): — ™,
S0 Sqparing dha civda is Umpossible.




