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Sierpinski gasket
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The map Z —> 2* 4+ ¢
e W T O

Do this over and over Aqatn, :

v )19 & 0 TAG :
Jiie 0.123 + 0.7435¢ (rabbit) L.:c=—0.75 -+ 0.25 P




The Mandelbret set

L

is the ‘heep set’ Un one piece ?
For which ¢ is O tnthe haap set?




Ths Nondelbrot set
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8 wverbew rotns
6 edge rotns
Totoal : ‘2& |

24 rototions
24 ‘indiveck’ symmetries
(reflection + rotation)



R otations of & Dodecahedron
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6£0O rotat




Abstract Groups

Toke a set G of elements,
and o rule for combuining them (%)
For o qroup, we have:
(1) Closure : if ccand bore n &,
than sots On b,
(2) Associakivity: if a,b, care nG,
then (0%xb)%c = o % (bac)
(3) Tdentity : there is an elemest €
such thet aseze+aze foralla,
() Tnverses : for cach a tn G, thee is
on inverse o' suchthek ax 0™ s €,
[(s) Abelian: if & and b are in G,
then ok b = baa. |




Remembering the group auxioms

i

C Losure
A ssocliatwve
1L nverses

N eutrol element

not musw'\.l.s_.‘ RBEL tan

Exsumples :
o permutokions of 4 bells
* Symmetnes of a cube
e rotatuns of o dodecahedron
° oddition of nteqers

° multiplymg posttive real numbers
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S me_L& groups

¢ ‘buillding blocks’ for grups
qeneral

e groups that ‘contoin no other
qroups Unside them’ = they have
no proper normal subqroups

* cyclic qroups with a prime number
05 elements ¢ C,‘ C." C'.' , 0
* rotokions of o dodecahedron (A,\

* A, (n3S5): even permuctetions of
{l":‘ ---‘n}

* qrowps of ‘Lietype’ (reldbedts madrices)
* 26 ‘sporadic qroups’

[Mou‘hr group : rotations i 196883 - duimensional space |



How biq is o set ?

« {100,101} £1,2,3,46%
e f1, 2, 3, 4,5, 6, ---%

i1, &, 9, 16, 25, 36, --- }

* f%, 0, M, 2, 24, 8, --- %

fo, v, -1, 2, =2, 3, ---}

é

A set is counkable f we con List
them olb -{Oruwh,ﬁ\tufionnll:




The real numbus are not countable

o TR o, e W T S un noSmel ANy

Suppose thet the real numbus between
O and | are counboble : let's list thom all~
O: o,63050, 05 -
O-: b, by by by bg *~
O-¢ €3¢ € ¢5 -

O &, é...cl; Ab ‘l-c”'

Now cheoose numbers Xi,%2,%;, s0thet

XeFa,, Xo¥ ba, X;¥¢;, X %d,, -
Then the number 0%, X, %, X, is not
tn the above List — conkradichtion
Se they are NOT countable.




The Continuum Problem

Let 3¢ bethe (Gufinite) number of Unbegers
(or votionals) :
Mer1208,, o+ S0 s, -

h‘t ﬁg btﬂquo;mlJ:

L "|’“0 ) Mt*“.’ “ll"'

Ls there oo number between
“. L “. ?

P. Cohen (1963): WUsing the ‘usual’
oxtoms of set theony, this problem is
wndecidable .



Cryptoqroaphy

OLA method :
Alike ond Bob both hove the

Rey. Alice encodes o messaqe

ond Sends & to Bob who decodes
k.

Public- key crap&osmpkns
Wses prime numbers :
* We con bt whether o lame number
(€300 diagks) s prime
| S o Bt
r (e.q. 2047 = 23%89)




An t%mph.

Alice chooses two large | Alice chooses
prmes pondq , ond makes | P2 S, q= 1|, ond
n 3 pq public. announces n:SS,

Alice chooses v (public) and, Alice announces

coleulates S (pnvake) sothat | V23 and coladadns
SV 2 | (med. (p=1)(q-1)) $=27:

(81 2 ) med 40)

Alice takes her messaqe b, 5 b2 49, then
Colanlateshb® (mod n), and [ WE 44> (med 55) 14

sends h and b te Bob, IMMUI.-MQ_
Bob recaives hand b, looks up | Bob calanlates

n ond v, and coleulabes 142 (mod §8) end
hY (mod n), obtaiung the obtains 49,

messeae b,

[atuoni b 2 b (med n) |
18 b is not davisible hj P"'t]




(asdhaod owd M svsrdqr)



Ovrientable surfoces

outside




Clossifying Surfaces

Eveny ortentable surfoce is either
touwvalent to o sphere, or can be
chtained. by adding hondles to o sphere.

Mnkm&h ﬁ-“us&m-w

Eveny non- onentable surfoce can be
obtauned by Mu-ms cross=Cops o o
Sphere .

2 handles : double - torus
2 cross-cops : Mlan botile

e




Euwler's Polyhedvon

PR T L e N R S

O+12 2320+2 12420 =30+2




Euler’'s formula for surfoces

Double~torus: V-E + £

V=-E+ & = 2

V=-E+ & o

-2

Sphare Wk h handles : 2=2h

Proyectue plane: V=E+F = |

Klein beottle :

V-E 4%z 0

Sphere with h crose-caps : 2-h

Class l;l:‘mkl'ov\,

Theovem

kv\owms the ;ouowu\s
classifies o surface uniquely:

the voalue of V-E + F

how money pleces of boundany
thare ot

whether it s onendable



The Heawood Conjecture

e B o

For o surface with h holes (hz 1)
[ (7+/1+68R)] colours suffice.
h=z1: [£(7+V53)] = [L£(7+7] =7
h22: [2(7+J37)] = [8.42---] = 8

Ls this best possible ?
Yes : G.Ringel & T.W.7T. Youngs (1967-8)




So the four.colowr problem comcerns
Mops on o sphere ...
What about other surfoces ?

TORWS

T colowrs sufficient
- ant somcl'.;.mu

htm:ug
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Kenneth REEQL and. w"t‘b‘_ﬂﬁ Haken
Solued the four- colour problem by Guql‘.,

an unavotdable set of 1936 (later 1482)

reducible conf (qurotions.

e ——




Prov Lns the Four-Colowr Theorem

e L iy Ty Ry,

WUnovoidable sets

(0, A T4

LS on wunavoideble set — every

mop contains ot least one of them...

and So (s: { OJA,H,@.}

Reducible configurations

Atm (Heinrich Heesch):  solve the problem

b.i;".'}.‘h‘:& on unavotdable set of reducible
cond aurateo
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FOWR COLOURS SUFFICE




