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Gergonne on duality, 1827

P R e s T i e ey i e Sy S
Let there be a plane figure composed in
any way one wishes of points, lines and

curves ...

One then constructs in the same plane
another figure ...

1. [f there is a system of a certain number
of points on a line, then in the other figure
there will be a system of exactly as many
lines meeting in a point.

1; If there is a system of a certain number
of lines meeting in a point, then in the other
figure there will be a system of exactly as

many points lying on a line.

RAny twe poinks determine o Line.
Any two lines determine o point.




- The Ba»rnduwl:ric Calculs
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¢ {E,b,c cowld be
yo \\\«:Lsdﬁ;n.

P has bwcmiﬁc coordunates
La,b,c]

note: [a,b,c)z [Aa,\b,\c]
for any A 20

J komsmou: coordunotes’

DUALITY: pounts &> Lines
[a,b,c] > ax+by+c2:0

S ———




Solv nq QO wodrakic __E_q,m‘kious

Six types: (a,b, e all positive)

oax*zbx, ax*zb, ax s b,

ax*sbxz ¢, ax*scz bx, ax* = bx+c

B et _ L -



ET INVENTIONI
: DIVERSE
DE NICOLO TARTALGES

Dinouo teffampati con vna Gionta al (efto 11bro, n
‘mof¥ra duoimodidireduryna Citéa mcfpugnabﬂ:-

" La disifione, & consinentia di tustaloprancl Jeguente foglio fi
T promavdnctate.




Solvi tnq o cubtc s_‘m‘kbu

x3 + bx = 20

Fiv\.& U and v sothat
W=V =220 and uv = (6/5)* = 8.

Since vz w=20, we hoave
wy = wluw=20) s u*-20u = 8.
Solving this quadvabic equation :
W= J1og +10.

So V = w-20 = Jiog - 10.

Se x5 - Y%

= 3[(J75s +10) ~ 3/(fTo% ~10)

= 2.




Selving & quart w equation

y 2

p & = Eﬂ. -t-ﬁi'.'x--u-r

(""l*—b)l = (e« %)7:.1 rqx ~(r *S‘)
For RHS o squac we weed:

C? *-'2.5)(1" ‘HQ‘) = Wt/“_ [-,;.1,“““.
() 2@*- ?tbz #Zrb . (?r-q"&) = 0O

(@) Yhen reduces Yo huo quaR raXces,

+ 81+ /T_F_-TE +~ [ w8t - [2038
3 Juse uu2t 3 suse  Jukz3bl
S a w2308 128 ‘J Jm;us 128




X} +nx4+psz0

put x:g-%’

\5 +p5 --u s O
q,uukrubumg

S(% Ys = three %5

Quovtie : xl'-#n:‘#pavl—q':O
redaces to
3. a

Y -qy+ 22mP _ o

’ 8

cubee ny, -




Ptrmwl:ﬁ\s the

solutions

l

x2+o0x*sbx+c=0

solckions p,q,vr
x> +ox*+bxsec =z (x-p)(x-q)(x-r)
C2=pqr, bz pqeprs+ qr,
az=(peqer)
Permute the solutions ~ no change

PqQ+2r: pra2q qr+2p (3values)
P+2q+Sr: psdreSq,.-- (6 values)
(a.l.wu.gs divides 6)



Poole Ruﬁﬁ

(19765-1822)
The algebvaic solution

of ecqpations of degqree
| smh L i:.luo.sg

umpossible .
Beheld o veny vmportant theorem.
which T believe I am able 4o assert --.




(1802~ 1829)

proved umpossibility

Evariste Galotls

(1gn-1832)
developed criteria for . \F
Jl-u‘lhs which, eq llﬂ'h.bh : 11“ B '

con. be solved




Galois lo Chevalier, 2_9_ Mag 1832

My dear friend,

| have done several new things in analysis.
Some concern the theory of equations;

others, integral functions.

In the theory of equations | have found

out in which cases the equations are
solvable by radicals, which has given me
the occasion to deepen the theory and to

describe all the transformations admitted
by an equation, even when it is not
solvable by radicals.

You will Eubliclz beg Jacobi or Gauss to
give their oeinion not of the truth but of the

importance of the theorems.
After this, there will, | hope, be people

who will find it to their advantage to

decipher all this mess.




Euclid'’'s Postulates

Let the following be postulabed :

). To drow o stvaight Line fromomy pouct e
oy poust .
2. To preduce o finike stroaght Line Conbinuowly
n o straght Line .
3. To descibe o clrcle with any conbre and
distonce.,

4. That ol ngkt angles are equal to ene ancther,

S. That, if o stvaigh® Line olling on tuso straight:
Lines moke the icterior angles on the same sude
Less Hhan 4150 Rahd angles, the toe sbaight Lines,
1§ produced. indefinidely, 3
meet on thet side on whed ~ o
owe Hae angles Less than —1— Mo, S
H two naht angles. e P <180° B Lines meck



Euclid's Fifth Postulate
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Xe+f < 180° =D Lines mect

Ewclid. 2] 'PIWI (el
1.29: . - ;

Alhazen (1000AD)

G. Sacchen ‘ &— (Nasic Eddin z¢.1250)
(1733) A A\ o Buelid
j Sum=180° ,‘

Swm 1807 (impossible) Sum < 180%*7

(4] I‘ A’ A
J. Walles (1663)
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Non = Euclidean Geomeby (c.1830)

Nikolat Lobochevskii
Tonos Bolsa.i
(C.*. Gouss)

(Wolfgong Bolyai)

e The cu&sl& Sum of ey ‘b-l.'u‘.slc < 180°.

¢ Glen any Line L ond ony pout p not on L,

there ot Unfinibely mony lines through p
porallel 4o L,

Aw._’ two sumilay fiquees must be cousmn'k

N
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Letter from Gauss:
Another theme which is
almost 40 years old with
me that | have been
thinking about now and
again in a few free hours;

| mean the foundations of

geometry. ...
My opinion that we cannot establish geometry
completely a priori is, if possible, much firmer.
Meanwhile 1 will still not get round to it for some
time and work up my very extensive researches
for publication, and perhaps they will never
appear in my lifetime, for | fear the howl of the

Boeotians if | speak my opinion out loud.

Abel, from Berlin in 1825:
Crelle says that all Gauss
writes is gruel since it is so
obscure that it is almost

impossible to understand.
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Letter from Gauss to F. Bo!zaf 1831:

If | commenced by saying that | am unable
to praise this work, you would certainly be
surprised for a moment. But | cannot say
otherwise. To praise it would be to praise

myself.

Indeed the whole contents of the work,
the path taken by your son, the resuits to
which he is led, coincide almost entirely
with my meditations, which have occupied
my mind partly for the last thirty or thirty-

five years.




Poucare’s non-Euclidean

Y

Qeometny




Kleintan View of G't.om'tnj (1872)

B B )

Erlaonger Programm

. P geomekny is a spoce
ond o. group of transfor-
mabions on thok space.

2. We are concerned with
geomebncal propertics :
which are unchanged by
eloments of the qroup?

3. The larger the group, the Sewser geometnical
propertics ore unchanged..




Doavid Hilbert:

oxlometised EBuclidean and
projectwe qeometry (1349)

2nd editwon (1903) axcometised
non = € uclidean, sumd‘.nj




Newton’s calcoculus

Vavriables : cl'\.ou\sins with time
-“flowing’

Derivotives: based on veloeity
(tongqenks) - notakion 3,4

Example : ys 5 * yeye
o Y

Substitute x+30 for x ,
g¢g°*r9: N HKex0
N+yo = X'+ 2xxo + x? o’
Caneel 0: y = 2x % ¢ *o0

Iqnere o: Yy = 2xx, or glx s 2

Inkeqrals : find onti-dertvatives
(areas) (o tal theovem )




Ber r_k..o;.r'd.,

Bolzano

01s|-|suS)

Rein analptifdhes

Beweis des Lebrfabes,

ren .

Bernatd Bolgano,

eltpriefier, Docioe dee Philofophie, 1. 1. Drofeflor bes
I Deligiongwiffenfdbaft , und ocdemtlihrm irgliede ber L.
O«feljdaft der Wiffenfdhaften ju Prag.

e

I f@flm.

Prag, 1817
gedbrudt bel Gotilich Haafe

Rolzono's

1817 pamphlet
M

Trntermediate V
Theovem
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The ‘number’ V2

[ e o L e T I

xt= 2

£ ()

on the uvaterval
£o,21

2,

-lqa

£(0) = -2
$(2y=s 2

so there s o number x such that
x*=2 = O,
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COURS D'ANALYSE c“-“‘-‘":l:!

DE
-. ' 1221 book
17ECOLE ROYALE POLYTECHNIQUE; S  ———

Par M. Avcustin-Lovis CAUCHY,

Lngénicur des Ponts et Chaussées, Professear ' Analyse H'ﬁecllle pelytechaigae, I e - ' *
Membre de I'Avadémic des sciences, Chevalier de la Légion dhennear. L .

A R R R e

1" PARTIE. 4N4LYSE ALGEBRIQUE ' CO'\* . nl
Derivatves

Integrals

DE LIMPRIMERIE ROYALE.

Chez DEsunE freves, Libraires du Roi et de la Bibliothequedu Roi,
ruc Serpenie, n.° 7.

R

1821.

Lorsque les valcurs successive-
ment attribuces & une méme variable sapprochent
mdéfiniment d'une valeur fixe, de maniére a finir
par en différer aussi peu que 'on voudra, cette
.derniére est appelée la Lmaite de toutes les autres.
Ainsi, par exemple, un nombre irrationnel est [a
limite des diverses fractions qui en fournissent des
valeurs de plus en plus approchées. En géométric,
la surface du cercle est {a limite vers laquelle con-
vergent les surfaces des polygones inscrits, tandis
que le nombre de leurs cotés croit de plus en plus;
| &8 ... .




Limits and C-ou‘l'.t.i\uébg

Pt el T e e g T Sy

RBolzano (1817):

0. Function §3x varites accordung +o the
Law of conkinity ... : 1§ 3¢ hoas Some
such velue, the difference Fix s+ w) - $x
con be. mode sraaller tha onay 9&;&» W‘lﬂﬂts
provided. w com be token as small as we please.

Cawchy (1821):

When the values su,c(,tssﬁv% attributed to
the some variable approoach o fixed value
undefinibely, On such o way asto end up by
differing from it as litle as we could wish,
Huis Lot value is called the Linit of afl
He others ...

Examples :  Crrationals ((iwit of Sractions)
curcles (Lunit of polyqonrs)




The "L""‘"""‘“"‘S':. function

¥=flx)+ 41(2x)

0 4 | ;_;: Fﬁ.
stage |
di y=f(x) + 1(2x) + $/14x) Y1y =100+ 42x) + Lrdx) + £1(8x)
i 1 //\ N \\
T 3 /7 \m
ff \Ix,
¥ =§/(8x) : it \
A\\f//\\\f/h\\//h = Av“v'{vvz’\i’l]it’j‘v“v“ .
ol ! 1 x 0 4 po_X
stage 3

stage 4
Eventually we obtain the following graph of B:

rr




Some Numbers

Noturel numbers :
,2,3,4,5,: xX+3 =1

Integers:

"‘-1'-“01“2'3"" 3‘1 = 3

Roational numbers:

5/-,'"/’1'-'/.,‘... 1“=5
Real numbers :

Va, V3, A+ 3, x*z 7
w, e, -

Complex numbers :
V=1, 3-4J=1, - %tz =



Rationals ond Tyrakionals

3/, = O- 15

V/3 = 0-3333---

2/7 = 0-2857)428571428-
Add :

s

/gy = 1:36904L76190476190--.
Eveny retional number hos a funite
or recurrung decumal , ond. eveny
Finite or recurring decimal can be
H'{&m s & M“.
X = 022424 }
100 = 24 242424 -~



Defunng reol real numbers
Defune o real number as on
unsd incke decimal = For exoample :

= 1213

0 = 3141585926
Problems: how do we prove that

Vi » J2 =z 2 ?
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Dedekind cw

Pty

I858,1872: Dedehind cud : definition
of o veal naumber

Bosic (dea: the real i and the
rokwonels differ - tha Litter hag
aqeps (cq. at V2, T, o)

Aum: FUL the gape with numbers

Dedakind : each qop U & number

It is defuned by all rationals Less than it,

omd qresker thae & :

Vi,

3

ol vodionals all rationals
Less than V2 qreaber than 2




How b sek ?

How big ts o set
{

+ {100,101} 1,2,3,6%

+ 1, 2, 3, 4,5, 6, ---%
i1, &, 9, 16, 25, 36, --- }

5 'lil' 'J ‘il 2! 2*' 3‘ '..}
+ {0, V, =, 2, =2, 3, ---}

A set is countable f we can List
them all = for example, the rationals:

('/; ;1/3;&1»13 /f/:




The real numbut avre not countable

—ﬂ-n-—--—-—-“---_

Suppose thet the real numbers between
O amd | are counbable @ let’s list thom all=
O: a,a30,0, 05 -
O b, by by by by =
O-¢ €3¢ € ¢ -
O &y do dy dy dy-~

Now choose numbors X1, %2,%;, 50 tha

Xe¥a,, Xa¥ ba, X% ¢, Xo#d,y, -
Then the number 0%, X, %X, -~ is nok
tn 4he above List — conkradicbion
Se thay are NOT countable.




