The story of

Robun Wilson

Georae Rivy: ‘T have not the
Smallest confidence in any result
which is essunkially obtained by
the use of (magqinany symbols.’

Auqustus De Morgan : ‘We have shown
the symbol V=1 +o be void of
meaning, or rekher self -contmdictory
ond absurd’



George Aim

not the smallest confidence in any result
which is essentially obtained by the use of
imaginary symbols,

Augustus De Morgan
T = ———
We have shown the symbol V-1 to be void of
meaning, or rather self-contradictory and

absurd.

Euler

All such expressions as V-1, V-2, etc., are
consequently impossible or imaginary
numbers, since they represent roots of
negative quantities; and of such numbers we
may truly assert that they are neither nothing,
nor greater than nothing, nor less than
nothing, which necessarily constitutes them
imaginary or impossible.




Some Numbers

Noturel numbers :
‘J 1,3, #'l s".‘

Inteqers:
o, =2,=1,0,1,2,3,

LR

Rational numbers :

&y ;. ¥h i =P

Real numbers :
va, V7, Va+ 43, -

w, e

Complex numbers :
V=1, 3=-4J=1, -




Complex Numbers

o+ by=1, or asbi , t*z=1,

Addition
(243J=1)Y+ (L+5/~1)

(24 4)+(3+5W=1 = 64 8J=1;
or: (2+3)+(4+S5.) = 6+8¢.

Mul:bipuca:u.on

(243051 ) % (4+5¢5)
2 (2% b)) #(3xu)J=1 & (2x5) =1 +(3x5)(=1)
2 (8-18) 4+ (124100J=1 2-74+22/~;

or: (2+3V)*(4+SV\=-7+221.




Co mplex Numbers

o+ by=1, or asbi , t2=z~1,
A ddition x+3:=7
(2+3J=1)Y+(L+S/=~1)

= (24 4) +(3+5W=0 =6+§ﬁ:=3

or: (2+3)+(4+SL) = 6+8¢.

, Tx=8§
Multiplicaton

(2+3J=1) > (4+57=) -
%’ =

T (2%4) (3% )= & (2%5) V=) +(3xS)(~1)

2 (8-18) 4+ (12410)J=1 =2-74+22/=(;

or: (2+3 )*(4+SV\=-7+220¢1.
®* 2z =1
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Solving Quadrakic Equations

xX?+ bx+c = 0 hassolutions
x =z ~btJb-lbac
2o

So x*=4x+¢ 20 has solutions
= = (u2/i6-bc):=2¢ /¢,

C=3: 5%= 221 = 3e¢or |

N
i
'3
R
"

220 = 20r 2
€C=5: x=2%/=
=240 0r2=¢, whueiz/-




A Sextte Polﬁmmid-

Tty ==

% =12x®+ b0Ox*=160x*+230x>~188x + 60
=0

z (2= bxs3)(x =lbxsl) x>~ (x+5)
J l J
= (x-1)(%=3)%(x=2)* * (x*~fx+5)

¢ 4
= (=1 (x=3)(x=2)" * (x=2-L)(x=24(),

So x= 1,3, 2 (twike) and 22 L.




Four scenarios

I A e T e iy,

e We can solve all equations using only
real and complex numbers;

e We may need to bring in some new
‘hyper-complex’ numbers to solve certain
gmme cquations;

e Some equations may have solutions that
are not numbers and don’t behave like
them;

e Some equations may not have solutions
of any kind.




W hat Eﬂuﬂs Wware vo of L7
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FERS I S,

T x*=( and xz asbi,
then (a+bi) = (,

s0 (at=b)+ 2abl = .

So a*-b*z0 and 2ab= 1,
This has solubions ozbz= £ /%

So x 3= % (1+0).

L3
Vi



| The Fundamental Theorem of Algebra I

e Every polynomial p(x) can be factorized into
linear and quadratic polynomials with real
coefficients.

e Every polynomial p(x) can be factorized
completely into linear factors with complex
coefficients.

e Every polynomial equation p(x) = 0 of degree
n has at least one complex solution.

* Every polynomial equation p(x) = 0 of degree
n has exactly n complex solutions (as long
as we count them appropriately).




Solving o 'Quadratbic Equetion’

I hove subtvocted the sude of My Squore
from the orea: 14, 30,

You write down 1, the coefficient.

You breok off helf of 1. 0;30 and 0; 30
you multiply. You add O;15 40 14,30,
Result 14,30; 15, This is the squove of 29;3
You 0dd 0;30, which you mlﬂ,lid,-b 29; 30.

Result: 30, He side of £he square,

x2 -2 = 870:

| = 3 = (§)'=f -+ 870f > 2%~ 30,
X2 - bx = ¢:
b 3 = (&)~ (e [(BFec
= 3+ /(5 ec.




@xL- Khwarizmt (c. 82SAD)




Solv g Q wodrakic E{M‘EW

Six types: (a,b,c alt poscbwve)
oasct*zbx, ax*sb, ax=z b,

ax*sbxz ¢, ax*scz b, ax* = bx+c

‘Roots and squoares are equal to mmbcrl’
S
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frustrum
of o
pyramid.
0.:28,bsl,c= 15

- ,/ 228 =(2%144)
zJ/225-288 = /-63
- but it appeors os J63 !







Solv 'Lns o cubtic ec\'m‘hion

Ry et msematy iy W ceeTememteet

%2 + bx = 20

Find W and v sothat

W=V =220 and wy = ("’3" s 8.

Sinee vz w=-20, we have
wy = wlu=20) = u*-20u = 8,
Solving this quadvatic equation :
W= Jiogs + 0.

So VvV 2 w-20 = Jiog =10,

Se
xzVu=-Vv

= 3[(J7es +10) = (J76% ~10)

E &




Cardano's problem

| Divide 10 into two parts
| whose product ts 4O,

T§ the povts ore x ond 10~-x,
the X (10-x) = 4O,
Cordono: X=5+y=1§ or S5=-J-1S

‘Nevertheluss we will opuste, putking
aside the merdal bovbures Uwolved..’

% (10-%) = (5 +v=15 ) (S=y=15)

= 285 - (=-15) = 4,O.
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Bombelli ond Complex numbers

b i TRE S S S

x® =z I15x+ L

Solutions: 4L, ~-24J3, -2-/3
Coardono's method g'uld.s

xz 2+ 121) = V(-244=721)
furst appearance of complex numbers

Bombelli calewlobed thet :

(2+V=1) = 2+ vy,

(2-=1) = 2-/=3).

So 3z (24¢=71) = (-24y=7) = &4,
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Descartes’ constructions

D

g:::t-l-l

. 8
A
msq'mnc'b of AB is AD.

o

A C is the posctwe root of

x* z ax + b*.







John Wallis
A Treatise on Algebra, 1685

CHAP LXVIL
The fame Exemplified i Geametry.

HAT kath bees already Gid of ' — é¢ in Mpebra, (53
Proportional between a Pofitive 2nd a Negative Quane

)mﬂa:tim Exemplified in Geomerry.
(ﬁrmﬁan:e,} Forward from A, ltﬂ:ﬂ\B——l—-l
Farward from theace, BC =-}-+5 {mlaq AC
= ok AB o= BC = - b-j-r, the Diameter of a
Cirrle:) Then is the Sine, or Dean
BP=ysfbe .
Bt ift Backward from A, 1 takc AB =-—b; and
then Forward from chas EL, BC =3
AC = o AB |- BC = —pe|-¢, tie : amcter
the-Clrgle s) Thep B1ke 'I‘nng:ntnr Mcan Propoe.
mm;f o v dij‘:& ; :
So that whers € aSuiey  —be
fhall ﬁgnﬁ?ﬂamu, toghe fame Arch (cf the fume Circle,) AP, from the
i1 1 o the fame Diameter A C.




Wallis's constructions
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represent the powt asbi by (a,b)
Addition: (3414 (1420) = 4+3¢

A

A I (r,®) or v (cos®+{isnB)
‘rﬁn.
” Ak

recos®

Mulkiplication: [r,0)x[s,9] = (rs,04 @]

Se, to multiply by (, retate O through 90°

Do so twice: L xt = =1,




Wessel and DeMovre's Theorem

B e

(r,01 > (s, ={rs, 04+
Toke rssz), 9= 0:
(cosB 48 s0n®) = (co0s204156.26)

(cos® + 056 0) = (os304(i5n30)

(cos® +isun8)/3 2 (cos®/3 +isun%/3)




may apply the idea of direction, so that

having chosen two opposite dnectmns,'
one for positive and one for negatwe-
values, there shall exist a third—such that
the positive direction shall stand in th&

same relation to it that the httesa; does
to the negative.

4. If now we assume a ﬂxed poi1
(Fig. 1) and the line K& b&5 taken

-KN a.s well a.s b}r EE?:?& ;,'

.tween tihe gmtlﬁe&r '.

unity will be KI, the vinc&f .
the same meaning as bﬂfcrr"
condition to be an.tusﬁad m!l h
KE, perpendicular to the “;Lé gg S __1" -
a direction from K. tn*E* pres:

like manner by XE. i “the.
of KA is to thﬂ.{:ﬂf EZE‘*H

et Ei“

to that of KL More;}h o

-

this same cnnd;tmn 15 ﬁﬂ '

fRrehNEE
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9

biquadraticorum sstet, quam ab omni parte Perfgf_-[m mdﬂﬂE m nunh- L
nuatione subsequente suscipiemus *}

Ante omnia guasdam &enammahunes praemzthmul / p_cr quarum in-
troductionem breuitati et perspicuilati consuletur.

Campus numerorum complexorum a < bi continet
I. numeros reales, ybi 5=0, et, inter hos, pro indole ipsius a

1) cifram

2) numeros positivos

3) nnmems negatiuos = :

| 1 numeros imaginarios, vbi b cifrae mnequalls? Hm 1ternm distinguuntur
1) numeri 1magmaru absque parte reah, Le vbia=0 '

2) numeri imaginarii cum parte reali, vbi neque & neque ¢ =0.

| Priores si placet numeri imaginarii puri, pustermres nnmen imaginarii
mixti vocari possunt,

Vnitatibus in hac doctrina vlimur qnntemu, +1, —1 + iy —i,

I quae simpliciter positiua, negnuun 3 pnamua. 1magmana, negahuu. imagi~
naria audient.

Producta terna cuinslibet numeri complexi per — 1, + i, — i illius
socios vel numeros illi associatos appellabimus. Excppt;_; itaque cilra
(quac sibi ipsa associata est), semper quaterni nuni'eiri"_':}m'agﬁﬁkq asso-
ciali sunt. '

Contra numero complexo comiuncium vocamus eum, qui per per-
mutationem ipsius i cum —i inde oritur, Inter numeros imaginarios
itaque bini inaequales semper coniuncli sunt, dum numeri reales  sibi ipsi
sunt coniuncti, siquidem denominationem ad hos exfendere placet;.-s ki3

*) Ohiter sallem hic adhue mouere conuenit, campum ita dmﬁmlum ﬁnpnm:s
theoriae residuorum bignadralicorum accommodaium esse, Theoria residuo-
* yum cubicorum simili wodo superstruenda est considerationi numerornm
formae a-bh, vbi % est radix imaginaria aequalionis /23 —1=0, puta h=
— 1 1i; el perinde theoria residuorum potesialum altiorum introduclionem
aliarum quanlilatom imaginaviarum postulabit.
B




Sir William Rowan Hamilton
(1805-1865)




Hamilton explains uwu.swm

Defune complex numbers os paivs
a+ bl — (a,b)
which ave combuined. as $ollows:
RAddikion :
(a,B)+(c,d) = (aeg, brd)
[ (asbi) (e di) = (avc)+ (bed)i)
Mulbiplicakion
(a,b) * (¢,A) = (ac-bd, ad+bc)
[ (aebi)*(cedi) = (ac-bd)+(adsbe)il

Note thot (0,0) comvesponds to a (veal)
and (0,1) covvesponds 4o L,

ond (0, x (0,1 =(=1,0) [c2z-1]



Hamilton writes to his son

ey, Umaen g,

Every morning, on my coming down to
breakfast, your little brother William Edwin
and yourself used to ask me, ‘Well Papa,
can you multiply triples? Whereto | was
obliged to reply, with a shake of the head:
‘No, | can only add and subtract them"’.




Hamilton takes a walk
B S e i L S N S e,

As | was walking with Lady Hamilton to
Dublin, and came up to Brougham Bridge, |
then and there felt the galvanic circuit of
thought close; and the sparks which fell
from it were the fundamental equations
exactly as | have used them ever since.

I pulled out on the spot a pocket book
and made an entry ... it is fair to say that
this was because | felt a problem to have
been at that moment solved — an
intellectual want relieved which had

haunted me for at least fifteen years since.




Hamilton's Quakernions

a+rbis+cysdk, *z=yzk*z-):

Additcon :

Mutkiplication :

bis h, jhal, hin] A

3"’='h’a hi:-'&, &""j kol
)

More c.ov\ci..tclq:

non - commutatve systum
Poult motrices :

( ). (s )(-.o

[ R




Hmv.l:hon a:k Brougham Br'd-gc.
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William Ro

1805-1865

48:




Octonions

*+Bilsy)edheclaYmanneBo,

where t* 2y zsh*z...20s =1,

Addition as before

Multeplicokon : n

nt =0 . /‘k 1

mRzn L.\‘ l./.

LN 2=0 #?\i\‘
ﬂ.—: =

my) = -0, ete

m.- iﬁ‘km‘ . RY =YX (xy)z:_ x(vz)
Complexes : commubutive, assocrative

quebernions : not commutobive, assocative

Octonions : necther




Homilton 1856
e g i e e N

e e

Leostan calouwlws :
2 2 R = L% =2 |, whee L=k
let = Lth? =z Lk then

Lw LmlmlPm lmim=|

= right
m = left

Hamiltonian ij.\ﬁ. on o dodecahedron

.




G. H. Hardy’s only geometrical result

If a rectangular hyperbola is a parabola,
then it is also an equiangular spiral.

The curve

(x +iy)*= A (x—iy)
is (i) a parabola,
(ii) a rectangular hyperbola,
and (iii) an equiangular spiral.
The first two statements are evidently true. The
polar equation is

r=Ae"",

the equation of an equiangular spiral. ...




