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opposite

sin(x) =
(%) hypotenuse
_adjacent __opposite
cos(x) = hypotenuse tan(x) = adjacent



Hipparchus — Father of Trigonometry?

e Astronomical calculations using chords
* Calculated distance to moon at 59-67 Earth radii




Half chord more convenient

-smw)=§

* chord length depends on 8 and r

* Sine depends just on angle



Sine

e Sanskrit

jiva = bowstring.

Arabic jiba

* — jayb = cavity

e Latin sinus
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* sin(@) is height above
horizontal of point on
circumference at angle 0 in
circle of radius 1 (unit circle)

e 360 in circle a bit “mundane”
* Angle in radians = distance

travelled round the
circumference in a unit circle.
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The Sine Rule

) b C

sin(4) - sin(B) - sin(C)




CALCUTTA BASE LINE



Regiomontanus (1436-76)

* Wrote one of first trigonometry
textbooks in Europe, De Triangulis
Omnimodis

* “You who wish to study great and
wonderful things, who wonder about the
movement of the stars, must read these
theorems about triangles.”

* Early book of trig tables (1490)




Subtendens  angulum rectum
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Prosthaphaeresis

COSX COSYy = % (cos(x +y) + cos(x — y))
To multiply two large numbers Toy example: 123x456

 Scalebypowerof10toget0 <A< B <1 - A =0.123,B = 0.456

N2

* Findx, ysothatcosx =Aandcosy =B x = 829347,y = 62.8707
cos(x +y) = —0.82713,

* Find their cosines cos(x —y) = 0.93931
Average = 0.056088

123x456 = 56,088.

N2

* Findx+yandx —y

N2

* Take the average

N2

* Scale back to find the required product



Oscillation and sine waves

Sine function models systems
where:

* force acts towards
equilibrium position;

* force is proportional to
distance from that position.
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* Hooke’s Law (1676): ce

e “ut tensio, sic vis”
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Joseph Fourier
1768-1830
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* Théorie analytique de la chaleur
(1822), mathematical analysis of
heat flow.




Yy =sinx

y = sin(2x)

y =sin(2x) + 2s

X



Joseph Fourier
1768-1830

* Théorie analytique de la chaleur

(1822), mathematical analysis of
heat flow.
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 Showed that any™ periodic
function is made up of sine waves
— AND we know how to do it!
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What is sin x + = sm(3x) + — sm(Sx) + — sm(7x) + -

1 term of the series



What is sin x + = sm(3x) + — sm(Sx) + — sm(7x) + -

2 terms of the series



What is sin x + = 51n(3x) + — sm(Sx) + — sm(7x) + -

3 terms of the series



What is sin x + = sm(3x) + — sm(Sx) + — sm(7x) + -

-5 -4 3 ) Lo 1 2 3\/\4/\/5\r

5 terms



What is sin x + = sm(3x) + — sm(Sx) + — sm(7x) + -

10 terms



What is sin x + = sm(3x) + — sm(Sx) + — sm(7x) + -

50 terms



What is sin x + = sm(3x) + — sm(Sx) + — sm(7x) + -

500 terms



What is sin x + = sm(3x) + — sm(Sx) + — sm(7x) + -

5000 terms



What is sin x + %sin(Zx) + isin(Sx) + isin(élx) + -7

1 term



What is sin x + %sin(Zx) + isin(Sx) + isin(élx) + -7

2 terms



What is sin x + %sin(Zx) + isin(Sx) + isin(élx) + -7

3 terms



What is sin x + %sin(Zx) + isin(Sx) + isin(élx) + -7

5 terms



What is sin x + %sin(Zx) + isin(Sx) + isin(élx) + -7

10 terms



What is sin x + %sin(Zx) + gsin(Sx) + isin(élx) + -7

100 terms



What is sin x + %sin(Zx) + gsin(Bx) + isin(4x) + -7

5000 terms



Frequency and Harmony

 Many worked on frequency and
harmony (eg Galileo, Mersenne)

e Joseph Saveur (1653-1716)
studied acoustics, detailed
experiments on “the nodes of
undulating strings”




The Wave Equation

» Take a string fixed at both ends (eg a violin string).

* Disturb it at time t = 0. The vertical displacement y at a point x along the
string depends both on x and t.

0’y T y 0%y
otz  u  0x?

 Jean-le-Rond D’Alembert (1717-1783) found a method to solve this.

 Solutionis wave A + wave B

* Periodic with period 21.

Wave 4 - «— Wave B



* Thanks to Fourier, we know
every solution is a sum of sine
waves of period 2[ (Il = length of

string).
e Corresponds to frequencies

f,2f,3f etc.

* |nstruments have different
combinations of these waves.

e |nitial “transient sound” is also
Important.

Violin/Piano soundwaves © Benjamin Hollis
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