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“The issue is not what made Greek
mathematics valid. The question is what made
it felt to be valid, for felt to be valid it certainly
was. So logic collapses back into cognition, in
a sense.”

– Reviel Netz, The Shaping of Deduction (1999)



A reminder: medieval and renaissance starting points

“there are three elements in demonstration:
(1) what is proved, the conclusion—an attribute inhering 
essentially in a genus;
(2) the axioms, i.e. axioms which are premisses of 
demonstration;
(3) the subject-genus whose attributes, i.e. essential 
properties, are revealed by the demonstration.”

Aristotle, Posterior Analytics I.7



‘The concentration on the model of demonstration in the
Organon and in Euclid, the one that proceeds via valid deductive
argument from premises that are themselves indemonstrable but
necessary and self-evident, that concentration is liable to
distort the Greek materials already—let alone the
interpretation of Chinese texts.’

– GER Lloyd, ‘The Agora perspective’ (1992), cit. Chemla 2012,
2-3n.



“In geometry everyone has been taught to accept that as 
a rule nothing is written without there being a conclusive 
demonstration available; so that inexperienced students 
make the mistake of accepting what is false, in their desire 
to appear to understand it, more often than they make the 
mistake of rejecting what is true.”

— Descartes, dedication to the
Meditations, AT 7.5 (trans. Cottingham)

Descartes saw his own “geometrical” argument as 
involving six or seven parts: Definitions, postulates, 
axioms or common notions, problems, theorems, 
demonstrations, and corollaries.
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Oxford Bod.
MS D'Orville 301.
Copied by 
Stephen the 
Clerk for Arethas 
of Patras, 
Constantinople, 
888 AD

https://www.claymath.org/library/historical/euclid/book01.html

https://www.claymath.org/library/historical/euclid/book01.html


https://digi.vatlib.it/view/MSS_Vat.gr.190.pt.1
MSVat.gr.190

https://digi.vatlib.it/view/MSS_Vat.gr.190.pt.1


https://digital.bodleian.ox.ac.uk/inquire/p/889431e9-76ae-4899-86e2-4e3e30b0af 79

Oxford Bod. MS. Douce 125
“Euclid,” 10th century, transl.
Boethius [“Boethius”]



Columbia NY, Plimpton MS 165 
(c. 1294)

Enunciations by Euclid

Proofs by Campanus of Novara 
(13th c)



The long view: 
Proof as Invention: 
Inventing Proof:

Mise-en-page and Authorship
Copia 
Acutezza

Conclusion



Euclid in Renaissance print

1482 (= 13th c
Campanus)

1505 (new trans. 
Bartolomeo Zamberti) 1509 ed. Pacioli 

(=/~ Campanus)

n.b. Platonist Euclid of Megara then 
believed to be Euclid of the Elements



1516 ed.
Lefèvre d’Étaples
reprinted many times 
@Basel

= Campanus + Zamberti



e.g. Lefèvre d’Étaples, 
Clichtove, and Bovelles, 
Epitome compendiosaque 
introductio … Introductio in 
geometriam Caroli Bovilli ... 
(Paris: Wolfgang Hopyl and 
Henri Étienne, 1503).



Gregor Reisch, 
Margarita 
philosophica, ed.
Oronce Fine 
(Basel, 1535).



Oronce Fine,
Protomathesis
(Paris: G. Morhii, 1532).

Implication #1
of proof as gloss

Proof interchangeable 
with practice



Implication #2 of proof as gloss

Proof as humanist invention 
(i.e. takes on characteristics
of literary invention:copia > abundance)

Lefèvre d’Étaples, 
Elementa musicalia 
(1st 1496, here 1551)
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Prolegomenon, in: 
Federico Commandino,
Euclidis Elementorum libri XV. 
Unà cum scholiis antiquis
(Pisa, 1572).

Source:
Proclus, Commentary 
on the First Book of 
the Elements



Commandino uses Proclus to clear up Euclid’s authorship too:

* Euclid of Megara NOT the author of the Elements (because too early)

* The proofs belong to Euclid, but as edited by Theon of Alexandria (4th 

century):
“sunt igitur illae quidem demonstrationes Euclidis, sed eo modo
conscriptae, quo olim Theon Euclidem secutus suis discipulis 
explicavit”

— Commandino, Prolegomenon to Euclidis elementa, sig. *5v



Commandino’s 
commentary

(not proof)

Enunciation 
classed as 
Problema, 
theorem, 
corollary… 
etc.

“Authoritative” 
proof



Implication #1 of 
Commandino’s
“Euclid”

Euclid’s proofs become 
canonical …

… with an authoritative
vocabulary of proof



Implication #2 of 
Commandino’s “Euclid”

A more focussed style of proof: 
Spare, sharp, elegant

… Urbinate sprezzatura? (artful ease, 
lightness)
… or: acutezza (precision, labour).

A witty courtier of Urbino?

Baldi tells us that Commandino died from
melancholy, due to overwork on 
mathematical problems.



Clavius (1574) theorises the Proclean division? 
(cf. Fine 1536, Peletier 1557)



Clavius (1574) 
distinguishes:
• Theoremata

/problemata
• Euclid’s proof
• His proofs
• scholia
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Conclusion

The very idea of proof: what is an axiomatic system or
“doing geometry”?

Account of “Euclid”—and what counts as geometrical reasoning—
shifts in the sixteenth century. One implication: Descartes can take 
“geometrical method” to mean a way of organising a text, and that 
axiomatic reasoning becomes what it does for Spinoza, Newton, etc.

More interesting: the earlier lack of consensus on Euclid’s authorship 
implies a wider view of geometry—a “copious” view (such that e.g. 
“doing geometry” could be chiefly about intuitingenunciations).



Prize Giving 
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How Mathematical Proofs are 
Like Recipes

Fenner Stanley Tanswell



Content

• Proofs as recipes
• The language of modern 

proofs
• Picture proofs
• Lessons for teaching



Image by Engin Akyurt from Pixabay



A proof is a deductive argument: a logically structured 
sequence of assertions, beginning from accepted 
premises or axioms, and proceeding by established 
inference rules to a conclusion, which is the theorem 
being proved.





1.Separate the eggs. 
2.Beat the yolks with a rotary beater until they are thick and 

lemon-colored. 
3.Beat the egg whites until they are foamy, add the cream of 

tartar, and continue beating until they are dry. 
4.Fold the sugar into the egg whites and then fold the yolks 

into this mixture. 
5.Sift the flour several times and add it. 
6.Add the lemon juice and vanilla, pour into a sponge-cake 

pan, and bake.

Woman's Institute Library of Cookery, 
Vol. 4



Hunter, J. K. (2014) 
An Introduction to 
Real Analysis. UC
Davis: California.



Hunter, J. K. (2014) 
An Introduction to 
Real Analysis. UC
Davis: California.



A corpus linguistics study with 
Matthew Inglis 
(Loughborough).

Corpus linguistics: use a large 
body of texts to study 
language usage patterns.



ArXiv.org/archive/math



FREQUENCY (per million 
words)







Set the total degree equal to the sum of the bi-degrees.

Form the commutative cube in which the front and back 
faces are pullbacks, so that […]

Sum the estimates in the previous corollary.

Estimate the difference on the right-hand side of […] by 
the triangle inequality to find […]



1) Some instructions are used frequently in 
proofs.

2) Instructions appear broadly in proofs in 
maths papers.

3) Many different instructions are used in 
proofs.





Two problems with picture proofs:
1) Pictures aren’t sequences of assertions, so are 

not proofs. If we try to extract assertions from 
the picture, it is underdetermined what they 
should be and what their logical sequence is.

2) A picture can only show a single case, rather 
than proving a general theorem.



©The LEGO group. 
Set 10129.



© Inter IKEA 
Systems B.V.
IKEA Svärta
loft bed 
202.479.82







Implications for mathematics 
education with Keith Weber 
of Rutgers University. 



Image by Hannes Edinger from Pixabay
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Assertions: Is this true? Does each step follow from the 
previous ones?

Recipes: What action am I being asked to carry out? Can I 
carry out this step? Do I know how? Does it produce the 
right outcome? Does it guarantee the right properties?



If you want students to learn how proofs work, 
maybe you should teach them how proofs 
work.



• Tanswell, F. (forthcoming) "Go Forth and Multiply: On Actions, 
Instructions and Imperatives in Mathematical Proofs“
• Tanswell, F., & Inglis, M. (forthcoming) “The Language of Proofs: 

A Philosophical Corpus Linguistics Study of Instructions and 
Imperatives in Mathematical Texts”
• Sangwin, C., & Tanswell, F. (forthcoming) “Developing new 

picture proofs that the sums of the first odd integers are 
squares”, Mathematical Gazette. 
• Weber, K., & Tanswell, F. (2022) “Instructions and recipes in 

mathematical proofs”. Educational Studies in Mathematics 111, 
pp. 73–87.
• Tanswell, F. S. (2017) “Playing with LEGO and Proving 

Theorems”, in Cook, R. T. & Bacharach, S. (eds.) LEGO and 
Philosophy: Constructing Reality Brick by Brick, Oxford: Wiley 
Blackwell, pp. 217-226.



www.FennerTanswell.com

@FennerTanswell

Fenner.Tanswell@gmail.com

FWO project: The Epistemology 
of Data Science: Mathematics 
and the Critical Research 
Agenda on Data Practices.



BREAK
Next Lecture: 

Let’s Decolonise the History of 
Mathematical Proofs!

Professor Agathe Keller



Let’s decolonize the history 
of mathematical proofs! 

Agathe Keller (Sphere, CNRS-Université Paris Cité)



Perhaps most interesting is the Hindus' and Arabs' 
self-contradictory concept of mathematics. Both
worked freely in arithmetic and algebra and yet did
not concern themselves at all with the notion of 
proof. (…) Both civilizations were on the whole
uncritical, despite the Arabic commentaries on 
Euclid. Hence they may have been content to take
mathematics as they found it …

Mathematical Thought from
Ancient to Modern Times. New 
York: Oxford University Press, 
1972: 198.
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Morris Kline
(1908-1992)



From the end of the 19th standard history 
of mathematical proofs was adopted.

It contained the definition of what made 
a true mathematical proof.

It helped in creating a corpus of sources 
in which certain texts were  accepted as 
containing proofs and others not.

The standard model of proof has been 
used for all sorts of things that have 
nothing to do with mathematics; 



On y trouve une nouvelle preuve de cette 
singulière habitude de l’esprit, en vertu de 
laquelle les Arabes, comme les Chinois et 
les Hindous, bornaient leurs compositions 
scientifiques à l’exposition d’une suite de 
règles, qui, une fois posées, devaient se 
vérifier par leur applications mêmes, sans 
besoin de démonstration logique, ni de 
connexion entre elles: ce qui donne a ces 
nations orientales un caractère 
remarquable de dissemblance, et 
j’ajouterai d’infériorité intellectuelle, 
comparativement aux Grecs, chez 
lesquels toute proposition s’établit par 
raisonnement, et engendre des 
conséquences logiquement déduites.’

this peculiar habit of mind, following
which the Arabs, as the Chinese and 
Hindus, limited their scientific writings
to the statement of a series of rules, 
which, once given, ought only to be
verified by their applications, without
requiring any logical demonstration or 
connections between them: this gives
those Oriental nations a remarkable
character of dissimilarity, I would even
add of intellectual inferiority, 
comparatively to the Greeks, whith
whom any proposition is established by 
reasoning and generaltes logically
deduced consequences.

Biot, Jean-Baptiste. « Compte-rendu de: Traité des instruments astronomiques des 
Arabes, traduit par JJ Sédillot ». Journal des savants, 1841, 513-20; 602-10; 659-79.
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Dissertation p. xvii:

On the subject of demonstrations, it is
to be remarked that the Hindu
mathematicians proved propositions 
both algebraically and geometrically : 
as is particularly noticed by BHÁSCARA 
himself, towards the close of his
Algebra, where he gives both modes of 
proof of a remarkable method for the 
solution of indeterminate problems, 
which involve a factum of two unknown
quantities.



Bhāskara II (b. 1114, sometimes called Bhāskarācarya) 
Līlāvatī (on arithmetic) and Algebra (bījagaṇita)

p.271 Colebrooke 1817 Algebra: 
The demonstration follows. It is twofold in every case: one 
geometrical and the other algebraic.
asyopapatiḥ| sā ca dvidhā sarvatra syāt| ekā kṣetragatānyā
rāśigatetiti|

p.272 Colebrooke 1817 Algebra: 
The algebraic demonstration must be exhibited to those who
do not comprehend the geometric one.
ye kṣetra-gatām upapattiṃ na buddhyanti teṣām iyaṃ
rāśigata darśanīyā



Dissertation p. xvii:

On the subject of demonstrations, it is
to be remarked that the Hindu
mathematicians proved propositions 
both algebraically and geometrically : 
as is particularly noticed by BHÁSCARA 
himself, towards the close of his
Algebra, where he gives both modes of 
proof of a remarkable method for the 
solution of indeterminate problems, 
which involve a factum of two unknown
quantities.

300 BRAHMEGUPTA. Chapter XII.

pendicular, is the central line: and the double of this is the diameter of the

exterior circle.*

28.* The sums of the products of the sides about both the diagonals

being divided by each other, multiply the quotients by the sum of the pro-

ducts of opposite sides; the square-roots of the results are the diagonals in a

trapezium.'

• Example : An isosceles triangle, the sides of which are thirteen, the base ten, and the perpen-

dicular twelve.

-„ / \ ,a Product of the sides iSp; divided by twice the perpendicular, gives
Statement: yJ\{ the central line Zj^^.* Ch.

10

Let twice the perpendicular be a chord in a circle, the semidiameter of which is equal to the

diagonal. Then this proportion is put : If the semidiameter be equal to the diagonal in a circle in

which twice the perpendicular is a chord, what is the semidiameter in one wherein the like chord
is equal to the flank f The result is the semidiameter of the circumscribed circle, provided the

flanks be equal. But, if they be unequal, the central line is equal to half the diagonal of an
oblong the sides of which are equal to the base and summit ; or half the diagonal of one, the sides

of which are equal to the flanks. It is alike both ways. lb.

For the triangle the demonstration is similar; since here the diagonal is the side. lb.

* This passage is cited in Bha'scara's lAMvati, § 1£)0.

' Example : A tetragon of which the base is sixty, the summit twenty-five, and -the sides fifty-

two and thirty-nine.

Statement: / v/\ The upper sides about the greater diagonal are 39 and 25; the

60
product of which is 975. The lower sides about the same are 6o and 52 ; and the product 3120.

The sum of both products 4095. The upper sides about the less diagonal are 25 and 52 ; the

product of which is 1300. The lower sides about the same, 60 and 39; and the product 2340.

The sum of both 3640. These sums divided by each other are fgf^ and f^4^, or abridged ^ and §.

The product of opposite sides 60 and 25 is 1500; and of the two others 52 and 39 is 2028: the

sum of both, 3528. The two foregoing fractions, multiplied by this quantity, make 3969 and

3136; the square-roots of which are 63 and 56, the two diagonals of the trapezium. Ch.
This method of finding the diagonals is founded on four oblongs. lb.

The brief hint of a demonstration here given is explained by Gan'b's'a on L'Mvat't, § I91. Two
triangles being assumed, the product of their uprights is one portion of a diagonal, and the pro-

* The tnauuscript here exhibits 8} : but is manifestly corrupt: u is the text of the rule and in part the comment on it.

I



Clearly the tradition of exposition of 
upapatti-s is much older and 
Bhāskarācārya and the later
mathematicians and astronomers are 
merely following the traditional practice 
of providing detailed upapatti-s in their
commentaries to earlier, or their own, 
works. The notion of upapatti is
significantly different from the notion of 
‘proof’ as understood in the Greek as 
well as the modern Western traditions 
of mathematics.

Srinivas, M. D. 2008. “Epilogue: Proofs in 
Indian Mathematics.” In Gaṇita-Yukti-Bhāṣā
(Rationales in Mathematical Astronomy) of 
Jyeṣṭhadeva, 1:267–310. Springer; Hindustan
Book Agency.

The upapatti s of Indian mathematics, unlike
the western tradition, are not formulated
with reference to a formal axiomatic
deductive system. (…) One often finds the
statement iyam atra vāsanā, when the
commentator is about to begin to
explain/demonstrate something.
Meaningwise this statement iyam atra
vāsanā≡ atropapattiḥ. Both the forms being
equivalent, there is hardly any consideration
for choosing one over the other.

Ramasubramanian, K. 2011. “The Notion of Proof 
in Indian Science.” In Scientific Literature in 
Sanskrit, edited by Sreeramula Rajeswara Sarma
and Gyula Wojtilla, 1:1–39. Papers of the 13th 
World Sanskrit Conference. Dehli: Motilal 
Banarsidass.



Brahmagupta Corrected astronomical treatise of 
Brāhma (Brāhmasphuṭasiddhānta, abreviated as 
BSS) 628

BSS.2.2-5 provides a table of sines (jyā) with 24 
values

BSS.21 provides mathematical procedures to derive
this table, and others



Earliest sine tables in Sanskrit sources date from the 5th 
century. The sine has a geometrical and a numerical
component.

Bow-field dhanuḥ-kṣetra

Trigonometrical circle prescribed in a 
7th century commentary. Mss KUOML 
18063



BSS.2.2-5 provides a table of sines (jyā) with 24 
values.

BSS.21.19-21 provides numerical rules to compute 3 
initial sines (which correspond to sin30°, sin45°, 
sin60°) knowing the radius of the circle

BSS.21.20-22 provides numerical rules to derive all 
other sines.



BSS.2.2-5 provides a table of sines (jyā) with 24 
values.

BSS.21.19-21  
2 ways to compute sin30°, sin45°, sin60°

BSS.21.20-22 
2 ways to compute all the other sines



Brahmagupta in the Corrected astronomical treatise
of Brāhma (Brāhmasphuṭasiddhānta, abreviated as 
BSS) 628

provides some kind of justification or proof not only
for the values given in his sine table but also for the 
general rules to derive 24 sine values. 



Bhāskara I 629 Commentary on the Āryabhaṭīya
(Āryabhaṭīyabhāṣya)

Āryabhaṭa 499 Āryabhaṭīya

Ab.2.15 The distance 
between the gnomon and the 
base, with <the height of> 
the gnomon for multipier, 
divided by the difference of 
the <heights of the> gnomon 
and the base.  Its
computation should be
known indeed as the shadow
of the gnomon <measured> 
from its foot.

EC=



Āryabhaṭa 499 Āryabhaṭīya

BAB.2.15 This computation is
a Rule of Three. How? If from
the top of the base which is
greter than the gnomon (AF) 
the size of the space
between the gnomon and the 
base, which is a shadow
(FD=BE) is obtained, then, 
what is obtained with the 
gnomon (DE)? The shadow
(EC) is obtained.

Bhāskara I 629 Commentary on the Āryabhaṭīya
(Āryabhaṭīyabhāṣya)

AF/FD=DE/EC
EC=



Bhāskara I 629 Commentary on the Āryabhaṭīya
(Āryabhaṭīyabhāṣya)

koṭi

Āryabhaṭa 499 Āryabhaṭīya

bhuja

karṇa

bhuja

koṭi

EC=



Āryabhaṭa 499 Āryabhaṭīya

BAB.2.15 This computation is
a Rule of Three. How? If from
the top of the base which is
greter than the gnomon (AF) 
the size of the space
between the gnomon and the 
base, which is a shadow
(FD=BE) is obtained, then, 
what is obtained with the 
gnomon (DE)? The shadow
(EC) is obtained.

Bhāskara I 629 Commentary on the Āryabhaṭīya
(Āryabhaṭīyabhāṣya)

AF/FD=DE/EC

Was this a proof for 
Bhāskara?

EC=



Āryabhaṭa 499 Āryabhaṭīya
Bhāskara I 629 Commentary on the Āryabhaṭīya
(Āryabhaṭīyabhāṣya)

Vocabulary concerning reasonings used:

āgama/upapatti tradition/proof
pratyāyakaraṇa verification
vyākhyāna explanation, commentary
pratipad- to explain, to establish
dṛś- to show, to teach



in which he quotes

on 
Brahmagupta’s Corrected astronomical treatise of 
Brāhma (Brāhmasphuṭasiddhānta, abreviated as 
BSS) 628

Pṛthūdhaka’s Commentary with explanation
(vāsanabhāṣya) fl. 860

Āryabhaṭa 499 Āryabhaṭīya

Bhāskara I 629 Commentary on the Āryabhaṭīya
(Āryabhaṭīyabhāṣya)



Brahmagupta’s Corrected astronomical treatise of 
Brāhma (Brāhmasphuṭasiddhānta, abreviated as 
BSS) 628
Pṛthūdhaka’s Commentary with explanation
(vāsanābhāṣya) fl. 860

vāsanā

1

5=n
4
3
2

ādi/ U1

M= [U1+ Un]/2

Σ=nMUn= U1+ u(n-1)

Sum of an arithmetical sequence as a 
stack of bricks, as a capital increasing
or invested, as a sum of numbers
positive or negative, and



Brahmagupta’s Corrected astronomical treatise of 
Brāhma (Brāhmasphuṭasiddhānta, abreviated as 
BSS) 628
Pṛthūdhaka’s Commentary with explanation
(vāsanābhāṣya) fl. 860

vāsanā

as the sum of the areas of 
rectangles…
Explaining rules concerning
sequences with algorithms
taken from chapters
concerned with
combinatorics or algebra.



Traveling reasonings

Using diagrams as libraries of reasonings

Bhāskara II
Pṛthūdhaka
Brahmagupta

Bhāskara II
Pṛthūdhaka
Brahmagupta

Bhāskara I 
Āryabhaṭa



New reasonings in Kerala

Bhāskara II (b. 1114) Līlāvatī

Mādhava (fl. ca. 1400)

Śaṅkara Vāriyar
(fl.ca. 1540-1556)

In his commentary on 

c ! 4d
1 " 4d

3 + 4d
5 " . . . + ("1)n 4d

2n " 1 + ("1)n+1 4d n
(2n)2 + 1

Quotes and wants to prove



New reasonnings in Kerala

Bhāskara II (b. 1114) Līlāvatī

Mādhava (fl. ca. 1400)

Śaṅkara Vāriyar
(fl.ca. 1540-1556)

Quotes and wants to prove

In his commentary on 

Sadh- to establish-the true
result (labdhaṃ vāstavaṃ)

c ! 4d
1 " 4d

3 + 4d
5 " . . . + ("1)n 4d

2n " 1 + ("1)n+1 4d n
(2n)2 + 1

If with a circumference of three thousand
nine hundred and and twenty seven
(3927) belongs to a diameter of one 
thousand two hundred and fifty (1250), 
how great is the circumference of a given
diameter?

If the multiplicands and the divisors
were of one kind, then, after
multiplying [the multiplicands] by 
the sum of the multipliers and 
dividing by the divisor once, the sum
of the quotients would result.



Conclusion

We have seen reasonings that might not be proofs, 
mathematical proofs that were neither algebraical nor
geometrical, but certainly algorithmic…and Sanskrit authors
who used all sorts of reasonings some using different names
for them…and some with no names at all…

The decolonizing of the history of mathematical proofs is possible 
only through a collective critical effort.
We have to be aware that standard histories still bear traces of 
the colonial, racist and white supremacist contexts in which they
were forged. The good news is that we have ressources to write
other new histories, that are also more stimulating!



Thank you!


